In this supplementary material, at first, we discuss when a macroscopic superposition of spin coherent states (MSSCS) can be regarded as a spin cat state. Then, for various input states (e.g. GHZ state, spin coherent state and spin cat states |Ψ( The results support the conclusion that among modest atomic number (here we choose the initial total atomic number to be 40 for demonstration), the spin cat states are robust against decoherence and may achieve high-precision measurements beyond standard quantum limit (SQL).
Spin Cat State: a macroscopic superposition of quasi-orthogonal spin coherent states
We consider a macroscopic superposition of spin coherent states (MSSCS), |Ψ(θ, φ)〉 = (|θ, φ〉 + | − θ, φ〉), which is in superposition of two spin coherent states. Usually, the overlap between | , φ〉 and | − θ, φ〉 is nonzero. However, for modest values of θ, the overlap between | , φ〉 and | − θ, φ〉 is very small, the two spin coherent states become quasi-orthogonal and the MSSCS can be regarded as a spin cat state. In Fig. S1 , we show the fidelity between the two spin coherent states |⟨ , 0 | − , 0〉| 2 versus for = 40, 60, 100. In a wide range of , the fidelity remains almost zero. The fidelity grows rapidly toward 1 when approaches to 2 /2. Here, we assume that, when the fidelity is less than 0.005, the MSSCS can be regarded as a spin cat state, see the dashed lines in Fig. S1 . The region of spin cat states (from = 0 to the dashed line) becomes broader when the particle number increases. 
QCRBs versus Phase Accumulation Time under One-body Losses
In experiments, one-body atom loss results from the collision between the condensed atoms and the residual atoms. During the phase accumulation process, the Bose condensed atoms may collide with the residual atoms in the environment and then are kicked out from the condensate. The reduced density matrix for such a dissipative phase accumulation under one-body losses obeys a Markovian master equation [1] [2] [3] 
where ). This indicates that the input spin cat states are excellent candidates for implementing dissipative quantum metrology.
QCRBs versus Phase Accumulation Time under Two-body Losses
In experiments with atomic Bose-Einstein condensates, another kind of particle losses is two-body losses, which corresponds to the case of two atoms collide with each other and escape from the condensate. It commonly exists when the density of the atoms is sufficiently dense. Here, we consider the phase accumulation process under two-body atom losses. The Markovian master equation for such a phase accumulation can be written as 1,4-6 ,
with
Here, γ aa , γ bb and γ ab are the intra-and inter-mode two-body damping rates, respectively. For convenience, we choose γ aa = γ bb = γ ab = 0.005 and δ = 1 for our investigation.
We then consider the MSSCS |Ψ(θ)〉 M as the input states, and calculate the precision bounds Δϕ QCRB versus the phase accumulation time T.
Similar to the one-body losses, the measurement precision decreases with T.
For spin cat states with smaller θ, the measurement uncertainty Δϕ QCRB increases more dramatically. However, in comparison to the case of one-body losses, for a fixed damping rate, the particles decrease dependent on the initial state. The spin cat state with smaller θ will suffer more rapid reduction of the particle number. For a fixed damping rate of two-body losses, the amounts of atom losses during the phase accumulation decrease with the angle θ and this leads to more rapid reduction of the measurement precisions for more entangled input states. It is also shown that, under two-body atom losses, the spin cat states with moderate θ can still achieve high-precision measurement beyond the SQL, see Fig. S3 . 
QCRBs versus Phase Accumulation Time under Correlated Dephasing
In addition to dissipation, atomic Bose-Einstein condensates often encounters another kind of decoherence called correlated dephasing, which is caused by the random fluctuation of the external field. The Markovian master equation for such a phase accumulation can be written as 2, 7 ,
with 
